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One Example of Non-rational CFT :

N=2 Liouville theory
• One may think of it as linear dilaton theory on a cylinder, with 

a potential turned on. The potential screens the strong-
coupling region.

• The target-space is often called the “Trumpet”. This theory is 
T-dual to the “Cigar”:

Supercoset
T-duality

N=2 Liouville



Representations of the
N=2 SuperConformal Algebra
• N=2 Liouville theory realizes the N=2 SuperConformal Algebra with central charge 

greater than 3.

• Representations of this algebra can be engineered from representations of the SO(2,1) 
current algebra. In the following we will label the representations with the SO(2,1) 
quantum numbers 

• We find three families of unitary representations :

Dixon, Lykken 
& Peskin ‘89

Continuous Discrete Identity
ComplementaryPrincipal

These representations will play a major role in the following discussion.



Closed string vertex operators 
in N=2 Liouville & the Cigar

They appears in the following representations 
of the N=2 superconformal algebra:

Dijkgraaf, Verlinde 
& Verlinde ‘92

Principal
Continuous

Discrete
These states are 
localized at the 
tip of the cigar:
“Bound states” These states can 

propagate to infinity; 
P is interpreted as 
the momentum in 
the non-compact 

direction.

Caricature:



Building String Backgrounds

• This gives an exact string vacuum when the total central 
charge is equal to 15. 

• These theories are called “Non-compact Gepner models”.

• They appear for example in the near-horizon limit of NS5-
branes configurations.

Free bosons + 
free fermions

D-dimensional
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Additional
non-compact
dimensions

/GSO
N=2 Minimal 

Models
N=2 Liouville, 

Cigar( )Worldsheet 
Theory

Spacetime
Geometry



From now on we focus on one example :

We consider

k parallel 
NS5-branes 
spread on a circle

Directions 0 1 2 3 4 5 6 7 8 9

NS5-branes x x x x x x . . . .



T-duality /

SpreadingNear horizon limit

TrumpetBellMinkovski6

From

Spacetime 
Geometry

To

Worldsheet
CFT

x8,9
x7

6x

ρ
0

NS5

Reparametrization

6 Free bosons + 
12 free fermions /GSO

One N=2 
Minimal Model

N=2 Liouville 
Theory( )

Israel, Kounnas, 
Pakman & Troost ‘04



The closed string spectrum

The low-energy physics lives in Minkovski space !

Ashok, Benichou 
& Troost  ‘07

Combining the vertex operators from the different factors of the 
worldsheet conformal field theory, we find:

A continuum of massive 
states propagating in the 

Liouville directionMassless multiplets 
localized in six 

dimensions

Minkovski

Liouville
direction

Eguchi & Sugawara
’03, ’04



Adding D-branes
• The spectrum of open strings stretching between two 

D-branes is coded in the one-loop partition function.

• Modular transformations let us switch between open 
and closed string descriptions :

=
In the closed string 

Hilbert space,
a D-brane is 

described by a 
boundary state=



Representation of 
the N=2 SCA

Continuous
(principal)

Continuous 
(complementary)

Discrete Identity

Semi-classical 
picture

Consistency OK OK -- OK

Boundary states in N=2 Liouville
• Consider a rational CFT realizing some additional symmetries (eg the N=2 SCA). Cardy gave 

a recipe to build a consistent boundary state for each unitary representation of the 
symmetry algebra.

• In a non-rational CFT, we can mimic Cardy’s procedure.  We have to check by hand whether 
the boundary states we obtain are consistent or not.

In N=2 Liouville theory, we get the following boundary states :

Eguchi & 
Sugawara ’04

Israel, Pakman 
& Troost ‘04

Hosomichi ‘04 Fotopoulos ‘03 Fotopoulos, Niarchos 
& Prezas ‘04

Ribault & 
Schomerus ‘03



T-duality

Semi-classical
picture :

The identity brane 
stretches between 
two NS5-branes

To build D-branes in the NS5-branes background, we combine 
boundary states from the different factor of the CFT and          

T-dualize. Here is a first example:



T-duality

Semi-classical
picture :

The principal 
continuous brane 
is infinite. It does not 
intersect the circle of 

NS5-branes.

Starting from the principal continuous boundary state in N=2 
Liouville theory, we obtain another brane:

NS5 branes



T-duality

Semi-classical
picture :

The 
complementary 

continuous brane 
does intersect the 

circle of NS5-branes.

Finally the complementary continuous boundary state in N=2 
Liouville theory gives a third brane:

NS5 branes



Understanding the continuous branes
Stack of

D4-branes

Continuous
brane

Dielectric
effect

The continuous branecan be 
thought as a stack of infinite 
D4-branes, blown up by the 
flux generated by the NS5-

branes.

NS5 branes
NS5 branes

NS5 branes
Continuous

brane



Open string spectrum on the continuous branes :

Modular
tranformation

Closed string momentum

Open string momentum

To exchange the order of integration, we 
may need to shift the integration contour 
for the open string momentum. It depends 
on the value of the brane parameter    .

or

Teschner ‘00



As we shift back the 
integration contour 
to the real axis, we 
pick up an additional 
contribution from a 
pole in the density 
function.

If           :

If           :

Open string spectrum on the continuous branes :



Brane 
parameter

Caricature   Open string 
spectrum

Continuum of massive 
states

Massive continuum
+ Massive bound states
(below the mass gap)

Massive continuum
+ Massless bound states

Apparition of bound states

or



D-brane cut in pieces

This picture suggest that the continuous brane with        is actually 
cut into three pieces ending on the NS5 branes.

Indeed we can check that the boundary states satisfy :

This addition relation comes from a similar relation for the 
characters of the N=2 SuperConformal Algebra :

:



The massless modes on the cut brane

1 vector 
multiplet

1 hyper-
multiplet

1 vector 
multiplet

1 hyper-
multiplet

1 hyper-
multiplet

(-1) hyper-
multiplet+ + ++=

The fact that the discrete boundary states are not consistent by themselves is crucial for the two 
computations to match. One consequence is that the spectrum differs from the usual Hanany-
Witten set-ups:

1 vector 
multiplet

1 hyper-
multiplet

1 hyper-
multiplet+ +



Gauge theories down the throat

From the gauge theory 
perspective, taking a 
continuous brane away 
from the NS5 branes is 
interpreted as turning on a 
Fayet-Iliopoulos parameter.

1 massless 
vector multiplet

1 massless 
hypermultiplet

1 massive 
vector multiplet

Combining continuous and 
identity branes, we find 4D N=2 
SU(N) gauge theories with 
massive and/or massless quarks.

Fayet ‘79

+



Generalizations
• Starting from other combinations of CFT, we can 

engineer many interesting gauge theories using the 
same elementary branes (eg 4D N=1 SQCD with 
superpotential)

• These models are promising in the context of 
holography for small-Nc or large-Nf gauge 
theories. The remaining outstanding problem is the 
computation of the backreaction of the branes.

Free bosons + 
free fermions

/GSO
N=2 Minimal 

Models
N=2 Liouville, 

Cigar( )
Murthy & 
Troost ‘06

Ashok, Murthy 
& Troost ‘05

Fotopoulos, 
Niarchos & 
Prezas ‘05



Conclusion

• Non-rational CFT are important to study strings in 
curved non-compact spacetime.

• N=2 Liouville is a simple non-rational theory relevant 
for many set-ups of interest.

• We showed in one example that the exact worldsheet 
description brings important new insights. In particular 
in this talk we described the apparition of light bound 
states on the worldvolume of infinite D-branes.



Thank you.



Parenthesis : The Dielectric 
effect for D-branes

• D-branes in the presence of fluxes develop 
additional worldvolume dimensions

• For example, a stack of p D0-branes in the SU(2) 
WZW model spontaneously decays into a single 
D2 brane:

p D0-branes

Dielectric
effect

Spherical
D2-brane



Understanding the continuous brane

Throat created by
the NS5 branes
Continuous 

brane

Minkovski Linear dilaton WZW model

Two anti-podal
spherical D2-branes

D1-braneD3-brane

Two anti-podal 
stacks of D0-branes 

blown-up by the 
dielectric effect



:   The spectrum computation revisited

1 vector 
multiplet

1 
hypermultiplet

1 vector 
multiplet

2-1 
hypermultiplets


