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Outline
1. Introduction & motivations

2. Generic analysis of current algebras
→ Construction of a conformal, non-chiral current algebra

3. Sigma models on supergroups
→ Realization of the previous algebra
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Superstrings on 
AdS3 × S3

To get an idea of what is a current algebra, 
and why we would like to study such an object, 

let’s start with:
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D1, F1 x x - - - -

D5, NS5 x x x x x x

K3

Near horizon limit

AdS3 × S3 × K3
with NSNS 
& RR fluxes

Consider a stack of D1-branes, fundamental strings, 
D5-branes and NS5-branes in Minkowski6 × K3

Minkowski6
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AdS3 × S3 
with NSNS fluxes

• AdS3 and S3 both are group manifolds.

• Perturbative superstring theory on AdS3 × S3 
with NSNS fluxes is described by the Wess-
Zumino-Witten model on SU(2) × SU(1,1).

• This theory is quite well understood Maldacena & 
Ooguri, 2000

AdS3 ↔ SU(1,1) S3 ↔ SU(2)
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AdS3 × S3 
with RR fluxes

• The Ramond-Neveu-Schwarz formalism is not suited to 
quantize strings in backgrounds with RR fluxes. Alternative 
formalisms have been developed by Berkovits et al.

• For our purposes, the most convenient choice is the six-
dimensional hybrid formalism.

RR fluxes

RNS variablesGreen-Schwarz-like variables :
Superspace with 6 bosonic & 

8 fermionic dimensions

Berkovits & Vafa, 
1994

AdS3 × S3 × K3
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• We have to embed AdS3 × S3 in superspace. Since 
AdS3 and S3 both are group manifolds, a natural idea 
is to embed AdS3 × S3 in a supergroup manifold.

• The best candidate is : 

• This supergroup has six bosonic and eight fermionic 
dimensions.

•  Its maximal bosonic subgroup is SU(1,1) × SU(2) :

Bosonic

Fermionic
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The hybrid string on AdS3 × S3

• The ghosts are coupled to the matter variables. However, 
these couplings only involve positive powers of 
and

• A consequence is that we can systematically work order by 
order in     ,     .

Berkovits, Vafa & 
Witten, 1999
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• The global symmetry group is 

• The classical current associated to the left symmetry is :

• The stress-energy tensor can be writen in terms of the 
components of the currents.

The sigma model on 
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The sigma model on 

Moduli space 

Number of NS5-branes

Spacetime radius

The theory is conformal for any 
choice of the parametersBerkovits, Vafa & 

Witten, 1999
Bershadsky, Zhukov 

& Vaintrob, 1999
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The Wess-Zumino-Witten points
If the parameters satisfy            , the current simplifies.

The current-current OPE reads :

This OPE defines a current algebra.

WZW
points
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• The spectrum is generated by the modes of the current.

• The relationship between the current and the stress-energy 
tensor gives a way to compute the correlation functions :

Knizhnik & 
Zamolodchikov, 1984

The current algebra is the key to solve the 
Wess-Zumino-Witten model

What happens to the current algebra 
away from the WZW point ?
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Brown & 
Henneaux, 1986

Another motivation to study the current algebra on the 
worldsheet comes from the AdS/CFT correspondance.

We know that a theory of quantum gravity in AdS3 realizes two 
copies of the Virasoro algebra :

The Virasoro generators are the generators of 
diffeomorphisms that do not vanish at spatial infinity.
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Giveon, Kutasov 
& Seiberg, 1998

Kutasov & 
Seiberg, 1999

De Boer, Ooguri, Robins 
& Tannenhauser, 1998

Virasoro algebra 
in spacetime

We can write down in the worldsheet theory the 
vertex operators that generate diffeomorphisms. 
For the Brown-Henneaux diffeomorphisms, we get :

SU(1,1) current 
algebra on the 

worldsheet
→
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In the following we will study the current algebra 
realized in sigma models on supergroups.

These models are relevant for superstring theory 
on AdS spaces, but also for non-supersymmetric 
systems such as:

• Integer quantum Hall effect

• Quenched disorder systems

• Polymers

• Percolation...

Zirnbauer, 1999

Parisi & Sourlas, 
1980
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2. Generic analysis of 
current-current OPE’s
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• We have a conserved current jμ

• The current transforms in the adjoint 
representation of a Lie group G :

We assume that :

We want to compute the OPE between 
two components of the current. 

Generators of the Lie algebra Structure constants of the Lie algebra

17



Let’s write down the most generic OPE compatible with 
locality and Lorentz invariance. We do not assume Parity 
invariance.

13 arbitrary 
functions

12 functions constrained by
12 first-order differential 

equations

Current conservation imposes 
some constraints on the OPE’s :
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We make the additionnal assumption that the currents have 
conformal dimension one, and that the second- and first-order 
poles only have power-like singularities.

The 12 differential equations give some relations between the 
constant coefficients, and fix the remaining functions.
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We are left with five free coefficients.

Eventually we get the following OPE’s :
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In the models we will study, there is a field g that takes 
values in the group G. The currents and the group 
elements are related as:

Then the current satisfies the Maurer-Cartan equation :

It imposes further constraints on the OPE’s coefficients :
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Dual Coxeter number

We will now consider the case where the dual 
Coxeter number of the Lie algebra vanishes.

In that case, the following operator :

has the following self-OPE :

It proves that any theory realizing the previous current 
algebra with vanishing dual Coxeter number is conformal.
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The proof goes as follows :
• First we compute the following OPE :

• We get many terms, but most of them vanish. What is left is :

We can use the Maurer-Cartan 
equation to simplify this term.

∅

• We want the current to have dimension one. 
This fixes the normalization of the candicate stress-energy tensor :

⇒
• With the same techniques we can now compute the TT OPE :
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3. Sigma model 
on supergroups

with vanishing 
dual Coxeter number
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We consider the sigma model on a supergroup G. 
This group has a vanishing dual Coxeter number :

Let’s rewrite the action in terms of the coordinates on 
the group manifold :

All interactions involve contractions of structure 
constants.
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Our goal is to compute the current algebra.

Strategy : we will compute two- and three-points 
functions for the currents to all orders in 
perturbation theory.  Then we will deduce the OPE’s.

The first step is to write the current in terms of the coordinates 
on the group manifold :
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Two points functions

Take an arbitrary diagram that contributes to these correlation 
functions, and pull out one structure constant :

a b
c

d

All the non-trivial diagrams vanishes !
We can compute the two-points functions in the free theory.

Bershadsky, Zhukov 
& Vaintrob, 1999

∅
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Two points functions

We set all structure constant to 
zero, and use the free propagator :
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Three-points functions

a

b

cd

e

Again, all the diagrams vanish except for 
those with a single structure constant.

∅
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For the three-points functions, we have two 
contributions. The single structure constant may come 
from :

• The current expansion :

• The Wess-Zumino term :
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Summing the two contributions, we get the results :
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The two- and three-points functions give the coefficients for the 
double and simple poles in the OPE’s. For example :

&

We can now extract the current algebra from 
the correlators.
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The current algebra

g is non zero : there must be a logarithmic 
term in the                  OPE !

It matches with the generic analysis. We can read the coefficients :
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We expect the following term in the            OPE :

Such a term would contribute to four-points functions. 
We computed the following amplitude up to second 
order in the structure constants :

The coefficient is right. The mass scale disappears from 
the physical quantities : there is no conflict with 
conformal invariance.

34



Conclusions

• We constructed a non-chiral current 
algebra. 

• This algebra is conformal when the dual 
Coxeter number of the Lie algebra 
vanishes

• We showed that this conformal algebra 
is real ized in s igma models on 
supergroups with vanishing dual 
Coxeter number.
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Work in progress
• The stress-energy tensor can be writen in terms of the 

currents. It implies that there is a non-chiral generalization of 
the Knizhnik-Zamolodchikov equation.

• Construction of the spacetime Virasoro algebra from the 
worldsheet.

• The conformal current algebra is also realized in supercosets :

....
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Thank you.
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In the hybrid formalism, we work in a superspace with
6 bosonic and 8 fermionic dimensions.

Worldsheet variables : Xμ θα,pα “Ghosts”ρ,σ

Bosons with 
vector indices

Bosons
(b,c) systems with 

spinor indices

The worldsheet action is (roughly) :

NSNS fields RR fluxes
Coordinates 

on superspace
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First let’s compute the following OPE :
We use a point splitting procedure, then 
we perform the possible contractions.

We get many 
terms, but most 
of them vanish

We are left with:

Vanishes by symmetry We can use the Maurer-Cartan 
equation to simplify this term.
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We get :

The candidate stress-energy tensor is :

We want the current to have dimension one. This fixes 
the normalization of the stress-energy tensor :

This coefficient is zero thanks to 
the Maurer-Cartan constraint.
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Now let’s compute the self-OPE of the stress-energy 
tensor:

The vanishing of the dual Coxeter number implies 
that the proposed current algebra is conformal.

⇒
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13 arbitrary 
functions

12 functions 
constrained by
12 first-order 

differential equations

Current conservation imposes some constraints 
on the OPE’s :
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We have 13 arbitrary functions

Let’s write down the most generic OPE 
compatible with local ity and Lorentz 
invariance. We do not assume Parity invariance.
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We make the additionnal assumption that the currents have 
conformal dimension one, and that the second- and first-order 
poles only have power-like singularities.

The 12 differential equations give some relations between the 
constant coefficients, and fix the remaining functions.
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